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Abstract We are interested in deriving various full Green functions through general Ward—
Takahashi identities (WTIs) for quantized field theories. With the help of a postulate of
gauge group parameter, the general local gauge transformation laws preserving the gauge-
invariance of the generating functional itself of QED model have been established success-
fully. By using path-integral technique, the various WTIs with resulting anomaly terms are
derived under the gauge transformations. The arising of Jacobian factor from the integration
measure gives a viable possibility to express full Green function. As a consequence, the com-
plete expressions of the full vector, the full axial-vector, the full tensor vertex functions and
so on are presented respectively by solving the complete set of the WTIs in the momentum
space without considering the constraint imposing any Ansatz. In addition, anomaly func-
tion also provides an effective means to judge the divergence of variant coupling currents on
fields.

1 Introduction

It is a prominent feature of gauge field theories that gauge symmetry is inherited in quan-
tized Lagrangian as the BRS symmetry [1-4]. WTIs connecting with the symmetry play
an extremely important role in non-perturbative investigation of quantum field theory such
as Dyson—-Schwinger equation (DSE) approach to interpret the large amount of law-and in-
termediate energy phenomenology. Actually the current activity in DSE is centered around
such a problem how to solve exactly the transverse part of the vertex function [5, 6].

It is important to note that property of Green function can be expressed through the WTL
For instance, the Ward-Takahashi identity ¢, I'* (k, p) = S™(k) — S~!(p) imposing on the
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full vertex function can only specify the longitudinal part of the functions in QED [7]. Thus
leaving the transverse component unconstrained becomes a challenging and open task in
particle physics [8, 9], although there have been several attempts to construct the transverse
part by Ansatz which satisfies some constraints not coming from the constraint imposed by
the symmetry of the gauge invariance [10-13].

This situation may be attributed mainly to the fact that no established method can surface
correctly to deal with the presentation of the transverse part of Green function (GF). Because
there is little known about the precise information on the transverse part of Green function.
Recently some progress on the problem has been made by using field operator approach
grounded on the first principles of QED [9], in which the complete sets of Ward—Takahashi
identities without anomaly are solved by computing the curl of the time-ordered products
of three-point Green functions involving the vector, the axial-vector and the tensor current
operators respectively. As such the transverse part of GF as well as the full vertices are
exactly carried out in terms of fermion propagators without any Ansatz.

It is well-known that WT identity for axial-vector current is modified due to ABJ anom-
aly in the process of quantization, which may be in conflict with the symmetry apparent
at the classical level [14, 15]. Therefore the presence of anomalous terms associated with
the WTIs has been taken into account in a model of the quantized Dirac field with arbi-
trary internal degrees of freedom having arbitrary non-derivative coupling to external scalar
‘pseudo scalar’ vector and axial-vector fields by operator approach [16, 17]. The failure of
the symmetry is expected at more fundamental level. This point is first realized by Fujikawa
in the path-integral formulation of quantum field theory, for instance, the chiral-symmetry-
breaking anomaly enters only in the integration measure used to define the path-integral over
fermion fields [18-20]. In particular, a model corresponding to the axial-vector U (1) gauge
theory was considered in detail [18-21]. Apart from these results of anomaly, it is still de-
sirable to know what types of currents can give rise to anomaly coming from the symmetry
of quantized gauge theory itself (QED).

In this paper, we first investigate a new symmetry which stems from the gauge invari-
ance of the generating functional under gauge transformations. This fact holds irrespective
whether this re-naming field variables take the form of symmetry of action, or not. Conse-
quently, a postulate for group parameter is introduced, which is a key to the derivation of
various anomaly factors and of WTISs for variant fermionic currents. The group parameter as
a scalar function can be expanded as a matrix series, so that the local gauge transformations
naturally provide different types of interaction currents in the variation of the Lagrangian
L without loss of any rigorousness. Furthermore, a collection of the gauge transforma-
tions connected with the parameter postulate forms a Lie group.

As a firm basis for further study, we are devoted to deriving the correct anomaly terms
arised from the quantum measure with respect to relevant transformations of field vari-
ables by generalizing Fujikawa’s regulation method. By employing the proper regulator
f4(—(4)?) for the integration measure, trivial or non-trivial Jacobian for variant fermi-
onic currents is evaluated respectively. Especially a new non-trivial Jacobian of high rank
tensor current arises.

Based on the gauge invariance in a broad sense, the various WTIs with anomaly terms
are derived explicitly, including a new class of WTIs for high rank tensor currents. We find
the transverse competent of full Green function appears in the WT identities, which is a
new finding different from the case of conventional Schwinger—Dyson equation [22]. As a
consequence, these WTIs give the complete presentation of the full vector, the full axial-
vector and the full tensor vertex functions.

In Sect. 2 the necessary QED formalism is briefly reviewed and the group parameter
0(x) of gauge transformation is expanded as a series combining tensor algebra function
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with Dirac matrix, which is fundamental to the following discussion. The subsequent Sect. 3
treats the topic of calculating anomaly terms, in which anomaly functions for variant fermi-
onic currents have been expressed in detail. The following Sect. 4 shows how the new sym-
metry is employed to systematically present the various complete WTIs with anomaly terms
under the local gauge transformations. Consequently, we derive the full vector, axial-vector
and tensor vertex functions entirely coming from the sets of WTIs in Sect. 5. In the last sec-
tion, some remarks on the comparison between our results and the previous investigations
will be made.

2 Symmetry of Generating Function Itself

In studying the property of full Green function, it is extremely important that the symme-
try transformation preserving the gauge invariance of generating functional itself leads to
WTIs with anomaly. Therefore we now pay attention to gauge structure of the group para-
meter 6(x) as the basis of understanding the gauge invariance principle. Taken broadly, the
changing variables of matter field can be transformed as [23]

¢L;:¢0( + 8¢y, 2.1
8o = O () HY (P, dp2) + 3,00 ()R (g, dp1) (2.2)

where the matrices H["1, h*I" are the functions composed of both Dirac matrix and field
variables.
For infinitesimal gauge parameter 6 (x), one finds that

i0(X)po = Oy (X) HL (g, dp2) + 0,00 (OB (95, B).- (2.3)

As viewed from mathematics, a scalar function 6(x) can be expanded as a series with
tensor functions in matrix form

0 (x) = Op,(x)H™, (2.4)

where 0p,)(x) are a set of arbitrary real tensor functions of x, the matrices H""! denote respec-
tive coupling Dirac matrices '[! (Dirac algebra is the algebra of 4 x 4 complex matrices).
The dummy indices [v] denote the index set. The above idea comes into being a physical in-
terpretation. We naturally make an assumption relating to gauge transformation: The various
couplings of interaction currents may occur in the process of mutual interaction of particles,
the structure and the property of these currents can be expressed by the parameterized scalar
function

Ox)=6.T+6,(x)I" 4+ 60, ()" +0,,, ()P 4 - - (2.5)

Subsequently it is necessary to examine the property of the gauge group with the continu-
ous parameter 6 (x). By taking an operator U (T (6(x))) as a representation for the symmetry
transformations, the matter fields in physical Hilbert space transform as

Y= UTO)Y. (2.6)

Herein we assume that the above symmetry transformations are the infinitesimal part
of the Lie group. Thus the operators U (T (6(x))) can be represented in at least a finite
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neighborhood of the identity by a power series
1
UT@Ox)=1+i0T" + EG“QbT“Tb + ey 2.7

where 0¢(x) are a set of continuous parameters, 7¢ are generators relating to electric charge
for the group and obey commutation relations | T*7T?| = 0. Connecting with the parameter-
ization equation (2.5), the group operators U (f(x)) change into

UB(x)) = " = gi O 2.8)
By using the general operator identity

1 1
oAHB — oA B o 3IBALIBAL AL (2.9)

and taking the form of the group multiplication law
U@)U ) =U(f(61,62), (2.10)
the law can be performed (for infinitesimal 6 (x))

e T eI iy ()T Jiby (08 (L7, I+ (higher-order) (2.11)

where we have chosen to write the group parameter as 6;,;1"". Owing to the parameter
infinitesimal, the factors including the higher order 6,0, should be omitted. In virtue of the
property of Dirac gamma matrices, a collection of the operators U (6(x)) meet the group
properties such as closure, associativity, an identity element and an inverse.

Based on the above treatment, it is expected that the symmetry of the generating func-
tional itself under the gauge transformations related to the postulate equation (2.5) will gen-
erate general class of WT identities.

3 Calculation of Anomaly Factor Coming from Integration Measure

According to Fujikawa’s interpretation, it is argued that the appearance of the anomaly in
WTI is a symptom of the impossibility of defining a suitably invariant functional integral
measure with respect to the relevant transformations on fermionic field variables. The analy-
sis based on the use of path integrals can provide access to a wider class of such anomaly
objects.

We consider the theory with a mass fermion field ¥ (x) and a vector field B*(x), in-
teracting through fermionic current j™™ = v ')y, In sense of the functional integral, the
underlying gauge theory (QED) possesses a new symmetry with the following transforma-
tion. By connecting with the above parametrization equations (2.5), the general localized
infinitesimal gauge transformation rules for the fermion and gauge fields now take the form

—i syadl
P @) = ey,

() = Prype 0y G.1
B;L(x) = B, (x) — 3,01, (x)
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where I'™ denote a set of an algebra terms being Dirac matrices (herein the repeated index
[v] is fixed). Furthermore, the variations of interaction part of Lagrangian L.; would be
presented in the form consistent with the gauge principle

8Ly =Y y"8Bup ()T + 8y B ) Iy + Yy 8By () I8y, (3.2)

Thus mutual interaction constructed in this way is valid for the symmetry transformation,
which includes the usual case of localized gauge transformation.

Guided by the above considerations, the usual gauge-invariant QED Lagrangian density
L. is modified to new form containing variant interaction currents consistent with (2.5),"

Legr=Viy" (@, — i B, ()8! )yw —ymy + L + L, (3.3)
1 1
Lo=—-F"F,,  Lpc=—=—(3"B,)" 3.4
G 1 u FG 2% (0"B,) 34
For convenience, the coupling constant g = —e is suppressed and repeated indices are gener-

ally summed later on; where 8[[5,]] is the Kronecker delta, the upper index of which stands for

the type of the corresponding transformation of fermionic current related to I"1, the lower
index (dummy index) of which runs over all different kinds of interaction tensor currents
in (2.5). In simple case, the fixed gauge term in (3.3) is dropped out by taking the special
gauge (§ — o0) [4].

We now turn to a calculation of anomaly in the transformation of the measure in sense of
(3.1). The change in functional measure varies with the gauge transformations

dp— dp' =] ]de,] [dc, = et fun) " (det f,,) " [ [den [ [ den (3.5)

with
fam = / d*xg (e MO g (). (3.6)

The corresponding Jacobian factor becomes

_ A 0T 0
(det fn/m) 1_, i [d*xy'r (x)y 9[\,]()()7 3.7)

where anomaly function I"l"!(x) denotes the trace of Dirac matrix I"l"! in the function space
above

e =" gf )re, (x). (3.8)

Based on the use of path integrals in Euclidean space, a general prescription to deal with
a non-Hermitian operator can be applied to the modified operator by defining Hermitian
operators [18-20, 24],
H, =D(B)*D(B),

3.9
Hj; =D(B)D(B)*. G2

'In the sense of the Minkowski space, metric tensor g = diag(+1, —1, —1, ~1) and the anticommutation
relations yHyY + yVyH =2gHV,
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As discussed in Refs. [18-20], regularization of the anomaly function is achieved by insert-
ing the convergent factor f' d(—(%)z) and taking the limit asM — oco. To do this the above
anomaly function can be written as the limit of a manifestly convergent integral

. d4x —ikx v —H ikx
F[V](x)zﬂ}gnoofwe ko F“fd<72}”>ek (3.10)

where power number d of the function f (—(%)2) takes an integer from O to 2, which is
corresponding to tensor type of the fermionic currents related to matrix 1",

In addition the transformation of the field B, (x) is a translation, so that its Jacobian is
trivial.

Thus the Jacobian related to general transformations equations (3.1) can be put in the
form

J= eifd“xl‘[”](X)Q[V](x)efi_/’d4x1;[”](x)9[v](x) (3.11)
with
_ . d*k ) —Hj\ .
F[v](x) — A}E)noo/ We lkXyOF[ ]erofd(#)elkx. (3.12)

Based on the above expositions, it is straightforward to carry out the function I" (x). Now
using the following operator identity consistent with (3.3), (3.9)

'1 v U2 1 v v v v
Hy = (D,L>2+z1[y,LyV]F,wr[ T+ (BT + 3 Bur'y r 4 yrrtlyvys,
1
+ EBV(V“J/“F[”] + ' ry")a,
1
+ EBMBV(;/M1*[”])/”1“[“] + Vs ey, (3.13)

the function I""!(x) can be represented in terms of Taylor expansion by expanding it care-
fully in the form:

(1) Ford =0;

fo(_H‘”)zl, (3.14)

this shows that the functional measure needs no regularization.
(2) For d = 1; the case is corresponding to first-rank tensor function 6, (x),

i
St Ty 10y, v 1TV F g ) (3.15)

i —
(x) T

where the higher order terms have been dropped out in the expansion.
(3) For d =2; corresponding to high rank tensor function (rank > 2)

—i
o) = 45—7_[2tr{F[V][yuyv]r[v][J/pyd]F[V]F;}.\)Fp(r}~ (3.16)

It comes to our notice that if the proper regulator f (—(Aﬁ")z) is chosen, (3.15) would be
transmuted into the same form as (3.16). These processes of the evaluation suggest that
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the form of the employed regulator functions may be not of unique, the resulting anomaly
depends on the choice of the operator D.

Written in the above fashion, the anomaly functions I'"(x) depending on matrix I"l"]
in (2.5) and its corresponding Jacobian are evaluated below:

—i

Dy = 1, Jaltl —
( () = 55

5 W(F Fop) (81up8ua — 8110.8vp)s Ju=1 3.17)

i

Gi) rP'=yB  rPle)= tr(F F,p)  with Fpg(x)z—%emam,

1672
i ~
Jis) :exp[zi / d4x95(x)<@tr(ﬁwF,,(,)>i|. (3.18)
(i) I'M=ypH, ') =o, Ju=1. (3.19)
(v) Il =yptys, r'*lix)=o0, Jus = 1. (3.20)
) [mvsl gkuvﬂypys’ Jalltly (x)=0, J[Mw] =1. (3.21)

(vi)y =g,

iTt[F*Y FPo]
6472
X {_g;wlgv,ﬂ (_igalp(gﬁlotzgaﬂg - gﬂlﬁzgmxz) + igmla(gﬂloqgoﬂg - gﬁlﬁzgaotz)

F[lw](x) —

+i8p10(8p101 808, — 8810 8par) — 18810 (8u10r 8By — 81 f28pr))

— 8up8va(—i8u p (8102808, — 8152 800r) t 18uyo (88102808, — 815 8ory)

+1i8p,0(8p101 808, — 8810 8par) — 18810 (8u10r 8By — 81 f28pr))

—18pvap (—8aipEBioars T 8uioEuvap T 881 pEarprars — &B1oEayparps)

+i8ual—8e1v8p18(8par 8oy — 8ppr8oay) + 8a18881v (8pr 8oy — 8pr8oexr)

+ 80108810 (880y 8opy — 886 80er) — 8ay 810 (8vaz 8By — vy 8oary)

— 8pv8aip (8102 8oy — 8ppr8oar) T 81 p8818 (8var 8opy — 8vpr8or)]

—18upl—8u1v8812(8pay8opy — 8ppr8oey) + 8108y v(8par 8oy — &ppr8oy)

+ 8a1v8p1 0 (8awy 8oy — 8upr8oay) — ayu&pip(8ver 8opy — 8upr8oary)

— 8818019 (8ucy8opy — 8ppr80y) T 81 p8pr1a(8var §opy — 8y 8oay)]

— i8val— 80118818 (8par 8oy — 8ppr8or) T 81 88P11 (8 ey 8oy — 8oy &oer)

+ 8a1 118810 (8Bar80py — 8pr80c) — 8a1 8P 08y 8oy — 8upr8oay)

— 8pu8erp (810280 — 8ppr800r) + 8a1 08518 (8uar 8opy — 8upr&oer)]

+i8upl—8u1 18810 (8pur8opr — 8ppr&oer) T 810 8p111(8pay 8oy — 8ppr8oar)

+ 8o11.8810(8owr 8opy — 8upr8oay) — 8oya&pp(8uar 8opy — 8upr8octy)

— 8ap8aip (88102808 — 8ppr80cr) F 8u1p&Bia(8uar8opy — 8upr&oar) 1}
Jy =0, (3.22)
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(vii) sl — oMys,

sl ey = T Lre)
—i64r

X [8ua8vp(—8ey pEpioarpy T Bayo €81 penpy + 881 pEarprarc — &Bro€arparfs)
— 8up8va(—8a1 pB10mrfy T ga10Ep1 parpy + &1 pEwrpraro — &ProEay parfa)
+ €uvap(—8a1p(8p1ar 80, — 8p128002) T 8anp(8B1ar8ppy — 81828 pets)
+ 8810 (8ayay 80> — 8arpr8oart) — 810 (8aiar 8oy — 81 8parr))
+ 8ual—8a1v8p18Epoarpy T 8u1p8B1vE oy — 8par 8o e prvp
+ 8o: 8oy By pivB T Ba1v8B10EBIocrfs — Ba1v8BioEBiparpy — aiv8BpEPioarfs
+ 8av8Bo B parfy T 8oy 8B pEVEarfy — Bayv8Bio Evparfy — 8y B8vpEPLarfy
+ 80, 88vaEp1 pary — 8B1v8aipEpaerpy T 8p1v8aioEparfy T 881 E8PoEaicarp
— 8B1v8BpEaipary T 81881 pEvoarpy — 8B1B8w o Evparpy — 8B1BEvpEa o
— 881v8opEayparfs |
— 8upl—8uiv81apoarpy + 8a1a8BivEpoasfy = 8par8apyEan prve
+ 80: 80y €y prva T 8uyv8BipEacarpy — Buiv8BioEaparpy — 8arv8apEBioarps
+ 8a1v8uc € parpy T Baja8B1pEvoarpy — 8aiv8BioEvparpy — 8arBEvpEBioarps
1 8188voEp1parpy ~ 8B1v8uipCacarpy T 8p1v8eroCaparpy T 8p1v8apaioarp
— 8B1v8apaiparfy T 8pr1a8aipEvoarpy — 8B1a8ayoEvparfy — 8Bia8vpEajoarf
— 8p1a80pEayparfs]
— 8val—8a118818E poarpy T+ 8a188B11nEpoarpy — 8paz&aprEaiprup
+ 8opr8owr Earrup T 8ar8P1oE 1oy — 8ann8ProEiparfy — arn&BoEpioars
+ 81180 EBipary T a1 B8P pEROarfy — Ba1v8BioEppary — a1 BEupEBioarps
+ 8o B8no€Biparpy — 8Biu8aipEpoary + 811810 € Bpar fr + 88 1n8ppEajoarp
— 881118BpCaiparpy T 881881 pEncary — 8B1B8a1oEppary — 818 upEaroarp
— 8p11u8opEaiparpy]
+ 8vpl— 8w u8p1eEpocrpy T 8a1a8B11Epocspy — 8par 8opran pria
+ 8ppr 8oy prua T 8uyu8BipEBioarpy — 11810 €I parfy — 8arn8appioarps
+ 8ayn8ao€piparpy + 8eja8pip€uocarpy — 8aiu8pioEpparpy — Baya8upEpioasps
+ 8aja8ucpiparpy — 8B1u8aipacarpy + 8p11u8aioEapar By + 8B 1n8epajoarp
— 8B11u8apaiparpy T 8B1a8ayppoayfy — 8B1a8uioEuparpy — 8Ba8upEaioarp
— 8p1a8onbapars s

Jivs) = e (['d“xé),w(x)([“[“"sl(x))' (3.23)
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In the above calculation, Dirac matrix’s properties have been used sufficiently. It is easy
to see that the Jacobian arised from v and that from 1y cancel to each other in the cases of
r'1'=1 and '™ = ¢#", In particular, a non-trivial Jacobian equation (3.2) of high rank
pseudo-tensor current arises, its effect is not clear yet.

In fact, the general expressions of I'"/(x) also show that path-integral method is ap-
propriate regularization way to judge the divergence of variant fermion currents related to
the gauge transformations of field variables, which is quite useful in the derivation of WT
identities.

4 Derivation of Ward-Takahashi Identities

We are now in a position to derive general Ward—Takahashi identities associated with the
variations of field variables (2.5) in a broad sense. The generating functional can serve as a
starting point for the non-perturbative treatment of the theory. We are thus led to consider
the theory described by the generating functional with external sources J*, 1 and n:

Z[nmJ"] Z/D[lﬁlﬁBu]€Xp[i/d4X(Leff+ JEBy + Y+ 1/_”7)}- 4.1

In virtue of the symmetry, the variation of the generating functional with respect to 6,;(x)
in (2.5) give a generation equation

/D[WBM]exp{il+i/d4xw3"+W+JH’)}89[ 1)

=0 4.2)
6] (x)=0

x (J +i51eff+l'/d4x(.1”53“ + 78y +5¢n)>

where the variation of the generating functional is parameterized by 6p,)(x) (all of 6, (x)
are regarded as formally independent functions to each other). The symbol J denotes a
Jacobian factor of the transformation measure, the variation of the action /I is derived from
the variations of field variables.

Usually, the generation equation (4.3) for Ward identity can be regarded as a certain
combination of the Schwinger—Dyson equations; however, it possesses a new feature in
sense of the transformation equation (3.1). These identities will give a viable possibility to
present the complete vertex function.

Subsequently, with the choice of (2.17)

0(x) =0 +60(x)] 46, (X)iy" +65(x)y° +6,5(x)y"y’
+ 91,_,,5()C)l'0'/w]/5 + Q;Lv(x)ialw + QHVKS(X)SMW'OV,OVS +e- (43)

The following WT identities are derived correctly below under the general infinitesimal
transformations of variables (3.1):
(i) Differentiation by tensor function

9[\1] (X) = 96, (44)

The functional differentiation with respect to the constant parameter 6. in sense of (4.2)
implies just the Abelian global gauge transformation. The WT identity corresponding to the
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transformation current j.(x) = ¥ I can be written as
/ DIY ¥ B, i / A5 — 3T )Y () + 56 — )T P (e)]e® =0, (45)

where the corresponding anomaly function I"!!!(x) has been taken in account.
The identity can be written in more clear form in the momentum space

S(p1) = S(p2), (4.6)

where S(p;) is the complete propagator of fermion. This means that there have no mutual
interactions between fermions and gauge field.

(i) Opy(x) =60(x). 4.7

The variation of (4.3) with respect to the parameter 0 (x) is equivalent to the following local
gauge transformations on the fields

8¢ = —if. ()1 (x),
SV = +iv0.(x)1, (4.8)
8B, (x) = —8,0(x).

We have the familiar WT identity for fermionic vector current for j*(x) = ¥y *yr

q"T.(p1p2g) =S (p1) — S(p2) ™", (4.9)

where g = p| — p», I'v,, is the vector vertex function.
We notice that anomalous term associated with this identity vanishes because all the
divergent currents in § L_; cancel against each other.

(i) O (x) =6, (x). (4.10)

In the case, there is a anomalous contribution coming from divergence of Noether currents,
not from integral measure

—1
2872

B(x)

2872

A(X) = 3;/. tr(FuuFAp)(gupgvk - gu)»gvp)

tr(Fp,vFAp)(gﬂpgvA - g//,)»gvp)~ (411)
The corresponding WTI reads off in coordinate space for
JC) = Pyt Y208, 00T (g™ Y () (x2) — i o™ Y (x1) ¥ (x2))[0)
= 2m{OIT (Yy" Y ()9 (x2))]0) — i8(x — x2)(0|T (¥ (x1) ¥ (x))[0)
—i8(x — x1)(0|T (Y ()% (x2))|0) + (O] T (A(X) Y (X) ¥ (x2))[0) = 0. (4.12)
This identity can be rewritten in momentum space

2ig I (p1p2) =" Ty + S~ (p)y" + S(p) ™'y +2mIY (pip2) + A(g),  (4.13)
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where Iy, I'y are scalar and vector vertex functions respectively. Actually, the above equa-
tion is the longitudinal WTI of the tensor vertex function.

@1v)  Opy(x) =6s5(x). (4.14)

Axial current and axial-vector current are defined by

JEE) =Yy sy,

_ (4.15)
Js(x) =yiysy
where the Hermitian matrix ys is defined by
Vs = YoY172Y3- (4.16)
The corresponding WTI reads off in coordinate space
R OIT Wiy ys¥ i (x1) ¥ (x2))10) + (01T (AP (x1) ¥ (x2))|0)
—2m(0|T (friys¥yr (x) ¥ (x2))10) + y58(x — x2) (01T (¢ (x1) ¥ (x))|0)
+8(x — x1)y5 (0T (¥ (x)¥ (x2))]0) = 0. 4.17)
In the momentum space, it changes to the following form
G T3 (p1pag) = —i2mIs(pip2) + vsS™ ' (p2) + 58~ (p1) — Jis1(q) (4.18)

where I'5 is the pseudo-scalar function. The Jis1(g) is the Fourier expression of Jis)(x). This
is non-other than the usual axial-vector WTI in the literature [1-3, 9].
Indeed, this equation verified the usual conclusion that the axial current conservation
contain an anomaly if gauge field involves y5 couplings.
(v) In particular, there is a special case of no coupling interaction between fermions and
gauge fields. By making the change of variables
Y =if(x)ysy (x),
Sy =iyo(x)ys, (4.19)
8B;.(x) =0.

Similarly, WT identity reads off in coordinate space for
J8 @) = wiy"ysy (OIT (Jis) (0¥ (k) ¥ (x2))0)
+ y58(x — ) (OIT (¥ (x1) ¥ (x))[0)
+8(x — x)y5(0|T (¥ (x) ¥ (x2))[0) =0 (4.20)

where the factor J5;(x) is just the anomaly factor equation (3.18) associated with the cur-
rent ji'.

By virtue of the Dirac equations with m, this is taken into account carefully because of
the divergent currents

(iy"D, —m)y(x) =0,

. - (4.21)
Y ) @y" Dy +m) =0,
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the anomalous WTI can be written as

0=Ji51(q) +iysS~ (p2) +iysS~ (p1). (4.22)

The physical relevance of this equation is not apparent at the present time. The resulting
equation give a possible explanation that the effect of the anomaly composed of vector field
B*(x) is to preserve a connection between fermion fields and vector field.

(Vi) O (x) = 65,(x). (4.23)
Performing the same procedure for the j; *(x) = Yy y*ysyr, WT identity is
3 (OIT Wy y" ys ¥ (e (x2))10) = 8(x = x)(OIT (F (x1)y" 59 (x))10)
—8(x —x) (01T (W (x)ysy" 9 (x2))|0) = 0. (4.24)

In the course of calculation, anomaly vanishes in the case and divergence of the currents is
carefully considered. Namely

G I (pipag) =iq s+ iy ysS™ (p2) +iysy S~ (p1). (4.25)

This result suggests that the anomaly associating with WTI may vanish even if the gauge
field involves y5 coupling.

(Vi) 61 (x) = 6, (). (4.26)
Using the identity
i i
viett = sytvtyt = vttt 4.27)

the corresponding WT identity for tensor current j*** = 4 (x)y*c* 1 (x) is given by
=8(x = x2)y°0 " Y (OIT (W ()Y ())10) = 8(x = x1)o"™ (01T (¥ (x) ¥ (x2))0)
— 10, 01T (Y ()™ y ¥ ()T ()Y (x2) = Y ()™ ¥ Y () (k) (x2)
— Y )ie" Py, 5P ()Y ()P (x2))[0) = 0. (4.28)

In momentum space, it changes to
@*TY (p1p2) = q"qu Ty — ie""q,qa T, +iS7™ (p2)guo™ +iS7 (p1)guo™™.  (4.29)

Obviously, the full vector functions and the full axial-vector functions are coupled with each
other. The apparent feature of the identity is that the vertex function I} (fermion’s three
point function) has the transverse components of itself (this will be discussed in Sect. 5).

(viii)  0(x) = 0,05 (x). (4.30)

Completely analogous to the calculations above, the WTTI for j{" = V(X))o ysir(x) is
derived

—8(x —x2)0" 5 (OIT (¥ (x) ¥ (x))[0) — 8(x — x1)0"" y5 (01T (Y (x) ¥ (x2))|0)
— 0, (01T (Y (x) ™y  ys ¥ ()Y (x) Y (x2) — ¥ ()" ¥ ysv ()Y (x) ¥ (x2)
@Springer



Int J Theor Phys (2007) 46: 3093-3108 3105

— Y@y, Y (DY (x) Y (x2))]0)
+{0IT (31 ()W (1) ¥ (x2))0) = 0. (4.31)

The identity for the axial-tensor current is rewritten as

Apvp

Gl (pipy) =q"q, ) — " q,q,Ty, +iqyysa™ S~ ()
—iquysa™' S (p1) + g, (g) = 0. (4.32)

Being similar to (4.29), the axial-vertex functions in (4.33) couple with the vector vertex
functions. Clearly, a non-trivial Jacobian contributes to the WT identity.

(IX) 0[1}] (x) = 95/4\)/( ()C) (433)

As before, the WTI for the high rank tensor current j**V<3 = VY (x)e"*Pyry, ysir(x) can be
given by

0 (OIT (Y (x)y """y, ysir ()% (x) ¥ (x2))[0) + 8(x — x2)(OIT (Y (x1)e" "™y, y59 (x))[0)
— 80 — x)){O0IT (Y ()", ys ¥ (x2))]0) = 0. (4.34)
Taking the Fourier transform of the WT identity, it reads off
@’ T (P1p2) = 414" Ts +ig" (S~ (p0)y* + v S (p2) + 4" Ts +2m I (p1p2)

+ A@Q) +ig“(S ' (p)y* + y*S (p2) + ¢"Ts +2mIY (p1 p2)
+ A@) + £y, vsqu ST (p2) — &Py, v5q,S T (p1).

It is shown that the full tensor vertex function I} is involved the vector vertex I'y, which
come from the longitudinal component equation (4.13).

5 Transverse Component of Variant Green Functions and Full Vertex

As a straightforward application of these WTIs, we can now give the expressions of the
full vector axial-vector and tensor vertex functions by solving the above set of coupled
equations. In order to illustrate clearly the physical meaning of the identity equation (4.29),
the full vector vertex function is decomposed into transverse and longitudinal modes

Ly (pip2) = Iy ) (p1p2) + Ty (p1 p2). (5.1
Considering the antisymmetry property of ¢**"? and o*¥, we naturally find the identity
qur\tt(r)(Pllh) =0. (5.2)

By the help of WT identities (4.12) and (4.18), we can carry out the full vector vertex
function from (4.29) and (4.33)

Y, (pip) =q2q" (S (p1) = S (p2). (5.3)
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This is just the well-known form (4.12).

Mgy =qq° 90" — " 00,9 4075 — €7 029 0,006 v5)i S (p1)

Mw/) )L/wp

+q7 (g q o™ — 0929 q,y5 — 0.9 009" v5)iS” (p2)

— e 4,4, q,2mIs(py, p2) + Ji51(q))-

This is quite complicated by contrast with its longitudinal component. The important point
is that anomaly has a contribution to the vertex.
By analogy with (5.1), the full axial-vector vertex function is given by

Iy (p1p2) = Ly (p1p2) + Ty (p1p2)- (5.4

With the longitudinal mode

Ty (p1p) =472 (ST (p)ys + ST (p2)ys + 2imT5(p1p2)) + Jisi(q) (5.5)

and with the transverse mode

Iy = e 000, (a qwo™ — " quqq*qpys — € 4w qiq 000" vs)
— 0" qyyslg S (p1)
+ 1" 40 (20w — &g apvs — € 4 qq 0000 v5)
— 0" quyslg ST (p2) — €1 0ugre™ g qiq 49, 2m I (py. p2)
+i51@) + 474" Jyus (@) (5.6)
It is shown that the full vector and the full axial-vector vertex functions can be expressed en-
tirely and rigorously in terms of two-point functions, the scalar and the pseudo-scalar vertex
functions, respectively. In addition, the full tensor vertex function (4.40) can be expressed
in detail by substituting the expression of I/ (x) (or I'j (x)) into the identity
Triry = =q" 41,6 T
+@q"y* +iq"y* — ¢ """y, vs
+2mi*q" (qq,0"" — 9,44 a5 — €7 0,424 0,047 v5)
+2mi*q (¢ qu0" — e 0uq.0 4o vs — € 0u42q 0,000 v5))g S (p1)
+ g Y +ig "y + ey ys +2mitg" (P g0 — P qugng " apys
— 4,424 0p0q" v5) +2mi%q* (¢ 40" = £ 4,424 g, s
— 4,400,009 v5))a S~ (p2)
—iq g q" I+ 2miq“q (" quq.q " q,2m I3 (p1. p2) + Ji51()))

+ig q" A*(q) — 2miq"q (" quqiq g, 2mTs(py1, p2) + Jis1(q)))-

The vertex function is very complicated. It is also shown that the contribution of anomaly is
indispensable for full vertex.
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6 Concluding Remarks

In this paper, we carried out successfully the presentation of the transverse part and longi-
tudinal part of various full vertex functions by solving the complete set of WT identities in
a quantized gauge theory (QED). By introducing a postulate of gauge group parameter, the
local infinitesimal symmetry transformation preserving the gauge invariance of generating
function itself has been revealed successfully. As (2.10) shown, such a collection of gauge
transformations connected with the assumption have been verified to meet the properties of
gauge group U (6 (x)). The existence of the new symmetry is proved rigorously.

As already described, path-integral method provide a general regularization procedure
handling all the anomaly factors associated with WTIs. The evaluation of anomaly function
I" (x) has the technical advantage of providing the anomaly factor from integral measure. In
particular, beside the previous results such as the chiral anomaly [18-21, 23], a new non-
trivial Jacobian equation (3.23) of higher tensor fermionic currents arises. Also, the analysis
of (3.15) and (3.16) shows that the resulting anomaly functions depending on regulator
f4(—=(%)?) is not unique.

In sense of the new symmetry, general class of the WT identities corresponding to variant
fermionic currents have been completely derived in the coordinate space as well as in the
momentum space. As a consequence, the full vector, the full axial-vector and the full tensor
vertex functions exactly and completely deduced from the set of WTIs without any Ansatz.
In particular, all the full vertex show a important feature that they all contain anomaly terms.
On the analogy of the case of low-energy theorems [14—17], perhaps the existence of the
anomaly terms may lead to physical consequences.

It is worth remarking the difference between our presentation of WT identities and the
results obtained before [7]. First, in our prescription, an effective path integral method serve
as a non-perturbative treatment of the theory; while the operator approach in Ref. [7] is
ordinary perturbation manner. Second, In former way, WTIs for variants tensor currents au-
tomatically contain anomaly terms coming from integral measure and from divergence of
Noether’s current, rather than from perturbative diagrammatic analysis such as modifica-
tion by higher-order correction [25], in the latter the contribution of ABJ anomaly is not
considered sufficiently for WT identity. Third, path-integral approach provides reliable and
complete expressions of full vertex functions. by contrast, the results from the latter are quite
complicated.

We would like to point out the above prescription for QED model is general: namely, it
can have a useful generalization to a wide class of gauge field theories. Therefore there is
a viable probability to eventually derive Full Green function for the case of effective QCD
with Fadeev—Popov ghost field.
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